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Abstract 

Closed classes of three-valued logic generated by symmetric funtions that equal 1 
in almost all tuples from {1, 2}" and equal 0 on the rest tuples are considered. Criteria 
for bases existence for these classes is obtained. 

The problem of the bases existence for some families of closed classes of the three-valued 
logic functions is considered in the paper. E. Post [1] (see also, for instance, 0 ) described 
all closed classes of Boolean functions and showed that each such class has a hnite basis. 
This result is not extendable to the case of fc-valued logics for k > 3. Ju. I. Janov and 
A. A. Muchnik [5] (see also, for instance, 0 ) showed that for all fc > 3 the set Pk (here Pk 
is the set of all functions of the fc-valued logic) contains closed classes having a countable 
basis, and those having no basis. The generating systems for classes from these examples 
consist of symmetric functions that take values from the set {0,1} and equal to zero on the 
unit tuples and on tuples containing at least one zero component. 

Let R be the set of all functions that take values from the set {0,1} and equal zero on 
tuples containing at least one zercQ. 

R = ...,Xn)\ ((V5)((5 e {0,1,2}") ^ (/(5) e {0, !})))& 

((Va)((a e {0,1, 2}"') (/(a) = 0)))} 

In this paper we deal with some subclasses of the class R. Any function that does not 
change with variable relabeling is called symmetric. Denote by S the set of all symmetric 
functions from R. The set of all tuples that can be obtained from each other by component 
permutation is called a layer. With C{e,d) we denote a layer from {1,2}"' containing e Is 
and d 2s. Let Nf = {a E \ f{a) = 1}. With is{xi,... ,Xs) we denote a function from R 
such that Ms = {1)2}*- Let 

Ml = {f(xi, ...,x^)ERi (3e)(3d)(Nf = (1, 2}"\£(e, d))}. 

Let / E S-i. Let us denote by e/ and df such numbers that Nj = (1, 2}"\£(e/, d/). 

Statement 0.1. Let ^ be a formula over R] $1 be a subformula 0 /$. Then for any tuple a 
the equality <hi(5) = 0 implies the equality <h(5) = 0. 

*National Research University Higher School of Economics 
^All necessary definitions can be found in EJIIHS]. 


1 



Proof. Suppose d is the depth of $, di is the depth of $i. Let have the form 

g{Bi,.. 

The proof is by induction on d — di. For d — di = 0, the proof is trivial. Let d — di = 1. 
Then = Bt, I < t < m. Since g E R, Bt{a) = 0 implies $(5) = 0. 

Let d — di > 1. Then $i is a subformula of Bt for 1 < f < m. Denote by d 2 the depth of 
Bt- Then d 2 — di < d — di. By the inductive assumtion Bt{a) = 0. Note that d — d 2 < d — di. 
Then by the inductive assumtion $(5) = 0. 

□ 


Corollary 0.2. If a formula over R equals 1 on a tuple, then any subformula of the formula 
also equals 1 on the same tuple. 


Corollary 0.3. // $ is a formula over R and $1 is a subformula of formula <F then 


Statement 0.4. If f{xi,..., Xn) E S-i, n > 3, Cf > 0, df > 0, then ^ 2 ( 2 ^ 1 , X 2 ) E [{/}]• 
Proof. Suppose e/ > d/ > 1. Then i 2 {xi, X 2 ) = f{xi,... ,xi,X 2 , ■ ■ ■, X 2 ). 

e/+l a 

Suppose df > Of > 1. Then * 2 ( 2 ^ 1 , ^ 2 ) = f{xi,..., Xi, X 2 , ■ , X 2 ) . 

df+1 

Suppose 6/ = 1. Then df > 2 and * 2 ( 3 ^ 1 , 2 ^ 2 ) = f{xi,xi,X 2 , ■ ■ ■, X 2 ). 

df — 1 

Suppose df = 1. Then e/ > 2 and * 2 ( 2^15 2 : 2 ) = f{xi, Xi,X 2 , ■ ■ ■, X 2 ). 

fif-i 


□ 


Corollary 0.5. If f{xi,..., Xn) E S-i, n > 3, ef > 0, df > 0 then is{xi ,..., Xg) E [{/}] for 
any s G N. 

Statement 0.6. Let f{xi,... ,Xn) E S-i; f be obtained by means of formula $ over S-i; 
g{Bi ,..., Bm) be a subformula 0/ <h; m < n. Then g{Bi,..., Bm) = im{Bi ,..., Bm)- 

Proof. Without loss of generality Bi,... ,Bs are non-trivial formulae and Bg+i, ■ ■ ■, Bm 
are variables xi,... ,Xt. Obviously t < m < n. Let us denote g{Bi,..., Bm) by $ 1 , im{Bi,..., Bm) 
by *^’ 2 - ^ 

Let a = (oi,... e Nf, /3i = Bi{a) (z = l,...,m), /3 = {/3i,...,/3m)- Suppose 
/5 G C{eg,dg). Consider tuples 5°, 5"“* such that = {ai,... ,a^,V ,2^~^~^). Since 

n > t there exists j, 0 < j < n — t, such that E Nf. Using Corollary 10.21 we get Bi{a^) = 1 
{i = l,...,s), = 1. Since Oj = aj, {i = l,...,t), Bi{a^) = Bi{a). Thus, g{/3) = 1. 

That contradicts (3 G C{eg,dg). Therefore, /3 E Ng. Hence, <Fi(a) = 4’2(S). 

□ 


Corollary 0.7. Let f{xi,... ,Xn) E S-p, f be obtained by means of formula <F over S-i. 
Then there is subformula g{Bi ,..., Bm) of the formula <h such that m> n. 

Statement 0.8. Suppose 21 C S-i, f{xi,... ,Xn) E S-i, n > 3, Cf > 0, f E [21]. Then there 
is function G 21 such that f E [{s'}]. 




Proof. Let /(xi,..., Xn) be obtained by means of formula $ over 21; \1/ be a subformula of 
$ of the form g{Bi,..., Bm)] N^, ^ {1, 2}" and any non-trivial subformula h(Ci,..., Q) of the 
formula d' equal iq{C\i ..., Q). Hence, g{B \^..., B^) cannot be replaced by im{Bi,..., Bm)- 
Thus, m > n > 3. Let p = n\] x = (xi,..., x„), cr be a permutation of {1,..., n}; Denote 
a(x) = (Xo-(i),..., Xo-„). Let Ui,... ,cTp be a sequence of all permutations of {1,..., n}. 

Consider 2 cases. 

Case 1: T is a simple formula. Consider 3 subcases. 

Subcase 1: Nq, = Nf. Then obviously / G [{s'}]. 

Subcase 2: N^, C iVj, N^, ^ Nf, eg > 0, dg > 0. Using Corollary 10.51 we get ip G [{s}]- 
Then 

/(xi,... ,x„) = ip(T(ai(x)),..., T(crp(x))). 

Subcase 3: Nq, C Nf, Cf = 0 or df = 0. Then = Nf and / G [{s}]- 

Case 2: T is not a simple formula. Then m > n > 3 and Cg > 0. Consider 2 subcases. 
Subcase 1: dg > 0. Then ii,ip G [{s}]- Let 

Q ^ if e (Xi, . . .,Xn}, 

^ \ hixi) otherwise. 


= s(Ci,...,C^). 

Obviously Ti is a formula over {s}. If Nq, = Nf then /(xi, ... ,Xn) = ihi and / G [{s}]- 
If N^ ^ Nf then 

/(Xi, ...,Xn)= fp(Ti(cri(x)), . . . , Ti(crp(x))). 

Subcase 2: dg = 0. Then df = 0. Hence 


Thus, / G [{s}]. 


/(xi, ...,Xn)= g{xi, . . . ,Xi,X2,X3, . . . ,Xn). 


m—n+1 


□ 


Statement 0.9. Suppose 21 C S-i, /(xi,... ,Xn) G S-i, n > 3, e/ = 0, / G [21]. Then there 
is a function s ^ 21 such that f G [{s}]- 


Proof. Let /(xi,... ,x„) be obtained by means of formula $ over 21. Consider 2 cases. 
Case 1: there is a subformula of $ of the form 5 '(xjj,... ,Xj^) such that m > n. Then 
= 0 and 


/(xi, ...,Xn)= g{ xi, . .j,Xi , X 2 , X 3 , . . . , X„). 

m—n+1 


Thus, / G [{^}]. 

Case 2: there is subformula of $ of the form 5 '(xj^,..., x*^) such that m < n. Without loss 
of generality let {xj^,... ,Xj^} = {xi,... ,Xs}, s < m. Consider tuple a = (1®,2"'“^) G Nf. 
Obviously g{ai^, ■ ■ ■, oii^) = 0. Thus, /(xi,..., x„) cannot be obtained by means of formula 
$. Hence, case 2 is impossible. 

□ 


Lemma 0.10. Let F C S-p, F not contain congruent functions; F he infinite set, for any 
e G N, d G N there be function h E F such that Ch > e, dh > d; and if f E F then e/ > 0 
and df > 0. Then for any f E F there is function g E F such that f E [{s'}]. 




Proof. Let f{xi,... ,Xn) E F] g E F such that eg > 2®-^ — 1, (ig > — 1). Using 

Corollary 10.51 we obtain that U G [{s'}], ip G [{s}]- Let 


/i = ^( {1(3^1), ■ ■ ■ Ul(a^l); Xi,...,Xj,...,Xj. 

eg-2®/ + l 2J-1, 



2'*-2 dg - 2 ' 1 + 2 ®/ 


Let p = n!. Let x = (xi,..., x„), a be permutation of { 1 ,, n}. Denote cr(x) = (xo-(i),..., Xo-„ 
Let (Ji,... jCTp be a sequence of all permutations of { 1 ,..., n}. It is clear that {Vf, 2 '^^) ^ Nf^ 
and if 5 G { 1 , 2 }"', and a 7 ^ ( 1 ®-'', 2 ‘^f ) then a G A^/^. Hence, 

/(xi,..., Xn) = ip(/i(ai(x)),..., /i(ap(x))). 

Thus, / G [{s}]. 

□ 


Corollary 0.11. Let i = 1,2; Fj C S'-!; Fj not contain congruent functions] Fi be infinite 
set] for any G N, dj G M there exist function h E F such that Ch > Ci, dh > dp and if 
f E Fi then 6/ > 0 and dj > 0. Then [Fi] = [F 2 ]. 

Corollary 0.12. There are countably many classes of the form G = [F] such that F C S-i 
and for any e,d eN there exists a function h E F such that Ch > e, dh > d. 

Lemma 0.13. Let F C S^i] F not contain congruent functions] F be infinite set] there 
exist e eIF such that if /(xi,..., x„) G F then e/ = e. Then for any f E F there exists a 
function g E F such that f E [{s}]- 

Proof. Let /(xi, ..., x„) G F. If e = 0, m > n and g{xi, ..., x^) G F then 

/(xi, ...,Xn)= gj xi, . .^.,Xi , X2, X3, . . . , Xn). 
m—n+1 

Consider e > 0. Suppose g{xi,... ,Xm) G F such that dg > {ej + l)d/. Using Corollary 10.51 
we obtain that U E [{(?}], ip ^ [{d}]- Let 


fl • • • ) ^ef+1, • • • , ^er + l, • • • , 1, • • • , 1, 

^ ^ V ^ 


X. 


n, • • • , Xn 


e/+l 


e/+l 


dg-(ef + l)(df-l) 


Let p = n\. Let x = (xi,..., x„), a be permutation of (1,..., n}. Denote a{x) = (xo-(i),..., x^^ 
Let cTi,... ,(Tp be a sequence of all permutations of (1,..., n}. It is clear that (1®^, 2‘^f ) ^ Nj^. 
Furthermore, if 5 G {1, 2}" and a 7 ^ {Ffi 2^f) then a E Nf^. Hence, 

/(xi,..., x„) = ip(/i(ai(x)),..., fi{ap{x))). 


Thus, / G [{s}]. 

□ 

Corollary 0.14. Let Fi,F 2 C S^i] Fi and F 2 not contain congruent functions] Fi, F 2 be 
infinite] there exist e ElF such that if f{xi,... ,x„) G F 1 UF 2 then e/ = e. Then [Fi] = [F 2 ]. 


Corollary 0.15. There are countably many classes of the form G = [F] such that there 
exists e eIF such that if /(xi,..., x„) G F then e/ = e. 














Lemma 0.16. Let F C S-i] F not contain congruent functions, F be infinite; there exist 
d such that if /(xi,... ,Xn) € F then df = d. Then for any f E F there exists a function 
g E F such that f E [{s'}]- 

The proof is similar to the proof of Lemma 10.131 

Corollary 0.17. Let Fi,F 2 C S-i, Fi and F 2 not contain congruent functions; Fi, F 2 be 
infinite; there exist d such that if f{xi,, x„) E FiU F 2 then df = d. Then [Fi] = [F 2 ]. 

Corollary 0.18. There are countably many classes of the form G = [F] such that there exist 
d eTF such that if f{xi,... ,Xn) E F then df = d. 

Lemma 0.19. Let F C S-i; F not contain congruent functions; F be infinite. Then there 
exists N such that for any function f{xi,..., Xn) with n > N there exists a function g E F 
such that f E [{(?}]• 

Proof. Let Fo = {/GF|e/>0,(i/> 0}, Fi = {/ G F | e/ = 0}, F 2 = {/ G F | rf/ = 0}. 
Obviously F = Fq U Fi U F 2 . Let 


f max/( 3 ;i,...,a:„)GF,(n), if \Fj\ < 00 ; 
\ 0 , otherwise, 


J = l,2. 

Let Fq be inhnite and /(xi,..., x„) G Fq. Consider 3 cases. Case 1: for any e G N, d G N, 
there exists h E Fq such that et > e and dh > d. Let iVo = 1, iV = max(A^"o, iVi, iV2). Using 
Lemma [Q. 101 we obtain that there is function g G Fe^ such that / G [{(?}]• 

Case 2: there exists Cq G N such that if h G Fq then Ch < Cq. Let F^ = {/ G Fq | C/ = s}; 

^ r max(n)/(^,,...,,,„)eF. if |F*| < cx); 

^ ^0 otherwise, 


s = 1,..., cq. Let Nq = max(?7 ,i,..., Ug), N = max(A^"o, iVi, N 2 ). Since Cf > n then \Fej \ = 00 . 
Using Lemma It). 131 we obtain that there is a function g E Fg^ such that / G [{(?}]• 

Case 3: there exists do G M such that if h G Fq then dh < do. This case is similar to case 
2 with reference to Lemma [0.161 respectively. 

Let Fi be inhnite and /(xi,... ,x„) G Fi. Then for any g{xi,... ,Xm) E Fi such that 
m > n we have 


/(Xi, ...,Xn)= gj Xi, . ,Xi , X2, ..., x„). 

m—71+1 


The case of inhnite F 2 is considered in the same way. 

Thus for any /(xi,...,x„) G F such that n > N there exist g E F\{/} such that 

/e[M]. 

□ 


Lemma 0.20. S C [S'.!]. 
Proof. Let f E S. Denote 


7V^ = {5G{l,2n/(5)=0}. 


c: 










Let fi, ..., ft be the set of all functions from S-i such that C{ef., dj.) E Nf, j = 1,..., t. 
Using Corollary 10.51 we obtain that it E S-i. It is clear that 


/(xi, ...,Xn)= . . .,Xn), • • ■ , . . . ,X„)). 

Hence, / E [S'-!]. Thus, S C [S'.!]. 


Lemma 0.21. R C [5']. 

Proof. Let /(xi,..., x„) E R; Nf = {5^,..., 5*}; m = 2” — 1; 

e* = ^ di = m - ei,i = 1,... ,t. 


a)=l 


Let g{xi, ..., Xm) G S such that Ng = dt). It is easily shown that 

f (3^1 1 ■ ■ ■ 1 ^n) ^7(^1) ^ 2 ; ^2 1 • • ■ ) • • • ! ' 

Thus, f E [S']. Hence, R C [S']. 


□ 


□ 


Theorem 0.22. [S'-!] = R. 

The statement of the theorem is a consequence of Lemma 10.201 and Lemma 10.211 
Theorem 0.23. Let F C S'-!; F not contain congruent functions] G = [F]. Then 

1. Class G has a finite basis iff F is finite. 

2. Class G has no basis iff F is infinite. 

Proof. 1. If F is hnite, the proof is trivial. Let G have a hnite basis 21 = {/i(xi,..., x^J, 
..., /<i(xi,... ,XnJ}. Suppose Ha = maxi<j<s?7,j. Since G = [F] then F E [21]. Using Corol¬ 
lary 102] we obtain that if /(xi,... ,x„) E F then n < Ua. Hence, F is hnite. 

2. If G has no basis, obviously F is inhnite. Let F be inhnite. By N denote such number 
that for any /(xi,... ,x„) G F such that n > N there exist a function g E F such that 
/ ^ [{s'}]- According to Lemma ID. 191 there exist such a number. Suppose that G has basis 21. 
Let F/v = {f{xi ,..., Xn) E F \ n < N}, Qipf C 21 such that F/v F [2lAr] and for any 21' C 2lAr, 
21' 7 ^ 2lAr F/v [21']. It is clear that F/v is hnite. Hence, 2 I 7 V is hnite. 

Consider / G 2l\2lAr. Let $ be a formula over F that realizes /; and gi,... ,gs be all the 
functions from F that are used in <h. Let us prove that gj E [2l\{/}], j = 1,..., s. If gj E F/v 
then gj E [2lAr]. Hence, gj E [2l\{/}]. If gj E F\F/v there exist a function h E F\{FnU {gj}) 
such that gj E [{h}]. Hence, / G [2t\{/}]. That contradicts the basis dehnition. Thus, G 
has no basis. 

□ 

Theorem 0.24. There are countably many classes of the form G = [F] such that F C S^i. 

The proof is based on Corollaries 10.12110.151 and 10.181 

This study (research grant No 14-01-0144) supported by The National Research Univer¬ 
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